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Scaling of Impulsively Started, Incompressible,
Laminar Round Jets and Pipe Flows
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The scaling law of transient and steady, laminar, incompressible round jets is deduced from numerical solu-
tions of the complete Navier-Stokes equations for 70 < Re <500, and the results are compared with available ex-
perimental data. It is found that the axial length scale is DRe and the time scale D?/». The same scales are shown
to apply also to the entrance and fully developed regions of transient and steady pipe flows for Re> 10.

Nomenclature
= orifice, or pipe, diameter
= axial extent of the computation domain
= static pressure
=radial coordinate
=radial extent of computation domain
= UD/v Reynolds number
=time, or jet arrival time
=steadying time for transient pipe flows
=axial component of the velocity
= centerline value of u at x
= cross-section average of the jet, or pipe, velocity
=radial component of the velocity
=axial coordinate
= axial distance of the virtual origin
= viscosity
= kinematic viscosity
= density
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Introduction

HE transient of laminar jets does not seem to have been

extensively investigated. Abramovich and Solan'
presented experimental and theoretical results for the speed of
travel of the spherical vortex at the front of incompressible,
impulsively started, submerged laminar jets. They found that,
for a given exit velocity profile, the time 7 required for the
centerline velocity of the jet to reach 70% of its steady-state
value at any axial location x is a function of the diameter of
the orifice D, the mean exit velocity U, and the kinematic
viscosity ». They proposed for the characteristic axial length
and time scales DRe" and DRe": /U, where Re= UD/v. By
solving numerically the complete Navier-Stokes equations, we
show that the actual scales are DRe and DRe/U and that the
same scales apply also to incompressible, impulsively started,
laminar pipe flows for Re>10.
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Transient Jets
Equations and Method of Solution
The governing equations and boundary conditions are:
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at x=0, u=U(0,r) for r=<D/2

u=0 for r>D/2 J

where R and L are the radial and axial dimensions of the in-
tegration domain, respectively, and the other symbols have
their standard meanings. The initial conditions are zero
velocity everywhere except at the nozzle exit, where the
radial profile is specified.

If the boundary-layer approximation is made, 3*u/9x?
=3*v/3x* =dp/dx=0p/3r=0, and if the following dimen-
sionless parameters are introduced:

U=U0/0"
}(5)

t*=t/(DRe/U)

w*=u/U, v*=Rev/U,

x*=x/DRe, r*=r/D,
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then the remaining terms in Eqs. (1-4) become Reynolds
number-independent. Thus, under the boundary-layer ap-
proximation, the axial length and time scales are DRe and
DRe/U=D?/».

The complete equations were then solved numerically to
check the boundary-layer scales and to compare our results
with available experimental data. Theoretically, the velocity
goes to zero only as r tends to infinity. Conditions (4) are for
an axisymmetric field and a finite domain of integration.
Our practice has been to choose R approximately equal to
3.5 times the maximum half-jet half-radius at the jet outlet
plane and to compute the axial velocity at x=L by integral
mass balance.

An expanding grid was used with an axial expansion factor
of 5% and a radial one of 7%, except within the pipe exit
where the grid was uniform. Generally, 32 radial and 42 ax-
ial cells were employed. The complete set of Eqs. (1-4) were
solved by an iterative finite difference technique that
employs a hybrid difference scheme for the convection terms
that reduces to the upwind difference when the absolute
value of the cell Reynolds number (uAx/», vAr/v) is >2 and
to a central difference when =<2. In all steady and transient
calculations, the cell Reynolds number in the radial direction
was < 2. The central differencing made the radial momen-
tum transfer calculation more accurate. In addition, for each
case we recorded physical axial diffusion, numerical axial
diffusion (based on the upwind difference analysis), and ax-
ial convection in each cell. In the mixing-layer region
(x/D>0.5), the axial convection term was, in general, much
larger (two orders of magnitude) than both physical and
numerical diffusion, and for both steady and transient cases.
The diffusion terms occasionally were as large as 25% of the
convection terms but only very near the nozzle exit
(x/D=<0.5) and on account of the large cross flow. The value
of the time increment increased during the computations so
as to keep the additional jet penetration during each time
step approximately constant as the jet slows down. A
uniform time-step calculation was also made and gave prac-
tically identical results but required three times as much CPU
time. Finally, for each flow configuration, grid independence
was checked. Typically, an increase in cells from 42 %32 to
84X 64 resulted in a variation of less than 4% in the
centerline velocity and in an increase by a factor of 7 in CPU
time.

Results

Computed steady-state centerline velocities and transient
jet tip penetration histories, starting from a parabolic exit
velocity profile, for Re=100, and for three different values
of U, D, », are shown in Figs. 1 and 2. The dimensionless
coordinates are those suggested by Abramovich and Solan:
x*=x/DRe", t* =2tvRe"/D?. And the jet arrival time f is
defined as by Abramovich and Solan: the time needed for
the axial velocity u to reach 70% of its steady-state value at
any given axial location. Numerically it is determined as il-
lustrated in Fig. 3, where the time variations of the com-
puted centerline axial velocities at various downstream axial
locations are shown and the 70% values indicated. Paren-
thetically, Fig. 3 also shows the velocity overshoot of the jet
head vortex that was measured by Abramovich and Solan
and that would not have been computed if only the bound-
ary-layer equations had been solved.

In Figs. 1 and 2, it is observed that the computed solutions
for a constant Re=100 and different values of U, D, v are
identical and that the calculated results are at the boundary
of, or within, the experimental range. But Figs. 4 and 5 show
that the computed steady and transient solutions for dif-
ferent Re=70, 100, 500 do not coincide when the non-
dimensional parameters of Abramovich and Solan are used
and continue to show a systematic Reynolds number
dependence. Notice, however, that the computed curves for
70<Re=<500 bracket the experimental measurements of
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Abramovich and Solan for 80=<Re=500. Thus, we would
like to suggest that what Abramovich and Solan considered
experimental scatter is actually due to improper account of
the Reynolds number in their nondimensional parameters.
Indeed, the numerical solutions of the complete equations
coalesce when plotted using the dimensionless parameters
x/DRe and t/(D?/v), as shown by the lower curves of Figs. 6
and 7. The same scaling also applies for a uniform exit
velocity profile as shown by the upper curves in the same
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Fig. 1 Computed and measured steady-state centerline velocity at
fixed Re=100: + computed with U=12 cm/s, D=1.2 cm, »=0.144
em?/s; x computed with U=12 cm/s, D=12 cm, »=1.44 cm?/s;
e computed with U=1.2 em/s, D=12 cm, »=0.144 cm?/s;
& measured! with 80 < Re=<500.
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Fig. 2 Computed and measured transient jet tip penetration at
fnxed Re=100: + computed with U=12 em/s, D=1.2 em, v=0.144
cm?/s; x computed with U=12 em/s, D=12 cm, v=1.44 cmz/s,
o computed with U=1.2 em/s, D=12 cm, »=0.144 cm?/s;
---- measured! with 80 < Re =<500.
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Fig. 3 Definition of transient arrival time at various x/D locations
(U=12 em/s, D=1.2 em, »=0.144 cm?/s, Re =100).
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figures. Unfortunately, the experimental data of Abramovich
and Solan cannot be put in Fig. 7 because they give insuffi-
cient information to identify the Reynolds number cor-
responding to each of their experimental points. However, in
Fig. 6, measured and computed data by du Plessis et al.,?
Andrade and Tsien,® Pai and Hsieh,* and Hatta and
Nozaki® are also given and seem to agree with our results.
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Fig. 4 Computed and measured steady-state centerline velocity for
different Re using the length scale DRe”’: e computed with
Re=70; x computed with Re=100; + computed with Re=500;
& measured? with 80 < Re<500.
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Fig. 5 Computed and measured transient l/Jet tip penetration for
different Re using the length scale DRe” and the time scale
D?*/2vRe":: o computed with Re=70; x computed with Re=100;
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Thus, the scaling suggested by the boundary-layer approx-
imation is confirmed by the numerical solutions of the com-
plete equations and the available experimental data.

For a given initial velocity profile, the universal curve of
Fig. 7 changes if a different definition is adopted to identify
the arrival of the jet, but the characteristic time and length
scales remain the same. This is illustrated in Fig. 8 for the
case of uniform exit velocity, where the 70% u g .4, curve
is shown together with the 99.9% u ¢ .aq, and 99.9% steady
momentum curves. The latter is obtained by considering the
time at which the axial momentum reaches 99.9% of its
steady value at each axial location.

Virtual Origin

Since the numerical solutions of the complete equations
scale as predicted with the simplified boundary-layer equa-
tions, use of Schlichting’s point source model® is justified.
After introducing the kinematic momentum, based on the jet
exit velocity profile, his solution can be rearranged to give
the following centerline velocity decay equations for uniform
and parabolic exit velocity profiles:

(ug /Uy o) (x/DRe)=3/32 (uniform) (6)

(ug /ug o) (x/DRe) =2/32 (parabolic) @)

By plotting the above two curves along with the computed
results of Fig. 6, the following two expressions for the loca-
tions of the two virtual origins are found simply by shifting
corresponding curves horizontally (see Fig. 9):

X,=.07DRe (uniform) 8)
X,=.05DRe (parabolic) )

The boundary conditions used in our computations, Eqs. (4),
are for wall jets with slip at the wall. For submerged jets and
uniform profile, Rankin and Sridhar’ found X, =.064DRe
from their analysis and Greene® found X, =.07DRe from his
experiments. For submerged jets and parabolic profile, du
Plessis et al.? found experimentally X, =.055 DRe. For wall
jets, the constants in Eqs. (8) and (9) can be expected to be
smaller since the initial axial entrainment near the nozzle exit
is reduced. This is the trend indicated by the results of An-
drade and Tsien® for both parabolic (X, =.04DRe measured)
and uniform (X, =.056DRe computed) exit velocity profiles.

Transient Pipe Flows
Equations and Method of Solution
The equations and boundary conditions for the pipe flow
are the same as for the jet except for the no-slip condition at
the pipe wall, i.e., at r=R=D/2, u=v=0. Method of solu-
tion and numerical considerations are also the same except
for a uniform grid of 42 axial and 32 radial cells and for the

Fig. 6 Computed and measured steady-state
centerline velocity using the length scale DRe.
Parabolic exit velocity profile: e computed with
Re=170,100,500; 0 measured? with Re=168; o
measured? with Re=290; o measured® with
Re=400; ¢ measured® with 100 <Re=<600.
Uniform exit velocity profile: x computed with
Re =100, 200,500; + computed?; -¢- computed.’

+ computed with Re=500; - measured' with 80< Re=<500.
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Fig. 7 Computed transient jet tip penetration using the length scale
DRe and the time scale D2/»: o parabolic exit velocity profile for
Re =70, 100, 500; x uniform exit velocity profile for Re =100, 200,
500.

cell Reynolds number having always been <2. Computations
with 84 x 64 cells yielded smaller than 1% change in the
dependent variables and required more than one order of
magnitude greater CPU time.

Results

Szymanski® obtained an analytical solution for the tran-
sient of the laminar pipe flow in the fully developed region
by assuming that v=0, u=u(r,f) and by using a constant
pressure gradient. He showed that the characteristic time is
D?*/v. In the entrance region the simplified boundary-layer
equations can still be considered and independence of Re ob-
tained if DRe and DRe/U=D?/v are selected as the axial
length and time scales. These two limit cases suggest that the
axial scales of pipe flows are the same as those of jets. The
conclusion is confirmed by the numerical solution of the
complete equations.

The steadying time T, evaluated at various cross sections
in the entrance region, is defined as the time from the start
of the flow to the point at which the time derivative in the
axial momentum equation becomes less than 0.5% of any of
the other terms. The maximum steadying time T ., is de-
fined as the time needed to meet the same criterion in the
fully developed parabolic velocity profile region. In order to
ensure that a fully developed velocity profile is obtained, the
calculation domain was specified so that it was greater than
the entrance length for each Reynolds number studied.

Solutions of the complete Navier-Stokes equations were
obtained first for Re=100 and three different combinations
of the values of U, D, ». The results, presented in Fig. 10,
show that T, tends to .05D?/v for sufficiently large x, i.e.,
Ty max =-05D?/v, and also that the ratio T,/T, . vs the
dimensionless distance x/DRe is the same for all three com-
binations. The approximate analytical solution of Szymanski
for the fully developed region also yields the proportionality
of the steadying time to the diffusion time, but Szymanski’s
proportionality constant is 0.12 (obtained by requiring the
centerline velocity to reach 95% of its steady-state value) in-

INCOMPRESSIBLE, LAMINAR ROUND JETS AND PIPE FLOWS 427

af-
99.9 % STEADY
MOMENTUM
3l
t
(0%v )
2t

993 % Vg, STEADY

70% Ue ,sTEaDY

% [} i 1 | 1
o.l 0.2 0.3 04 05 06
X
DRe

Fig. 8 Computed transient jet tip penetration using different
definitions for the tip.
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Fig. 9 Graphic determination of the location of the virtual origin,
X,, using the computed steady-state centerline velocity. Parabolic
exit velocity profile: — e — computed; -- ® - analytical solution,5
Eq. (6). Uniform exit velocity profile: — X — computed;
--%-- analytical solution,% Eq. (7).
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Fig. 10 Computed nondimensional steadying time vs nondimen-
sional distance from the pipe entrance for different Re: A Re=10;
® Re=100 (obtained with U'=1.13 cm/s, D=1.0 cm, »=1.13 102
em?/s; U=1.13 em/s, D=0.1 cm; »=1.13 10-3 cm?/s; U=0.113
em/s, D=1.0 cm, »=1.13 10~3 cm?/s); xRe =1000.
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stead of .05 (with our definition of steadying time, the
centerline velocity has reached 99.99% of its steady-state
value). The difference in the two constants is not surprising
since Szymanski’s solution is not of the complete equations
and pertains to a slug of fluid in the fully developed region
impulsively started under a constant axial pressure gradient
whereas in the computations the entrance region is included
and a nonuniform and unsteady axial pressure gradient is
computed.

The same T, was also computed with Re=10, 100,
1000, also shown in Fig. 10, thus confirming that the diffu-
sion time is the only characteristic steadying time in this
problem. The same figure also demonstrates that, at suffi-
ciently large Re, the only scaling length is DRe. But for very
low Re, the entrance length is not directly proportional to
Re.

Thus, our results are in general agreement with those
already available for limiting cases and show that D?/» and
DRe are the characteristic time and length scales, respec-
tively, for the transient of incompressible pipe flows, in-
cluding the entrance region, for Re>10.

Concluding Remarks

Through numerical solutions of the complete Navier-
Stokes equations, it has been demonstrated that for im-
pulsively started and steady, laminar, incompressible round
jets and for the entrance and fully developed regions of im-
pulsively started and steady, laminar, incompressible pipe
flows, the axial length scale is DRe and the time scale is
D?/y, provided Res> 10. The corresponding radial length
scale is D and axial and radial velocity scales are U and
U/Re, respectively, as indicated by Eq. (5). For such flows,
pressure gradients and axial diffusion are negligible with
respect to convection and radial diffusion.

To illustrate the physical implications of these results, a
specific application can be considered. It is desired to deter-
mine how long it takes for an impulsively started jet to reach
steady state at a given distance from the injector. Given are
D, », U, and that the exit velocity profile is uniform. Since
diffusion is involved, the precise answer is that steady state is
achieved only as time tends to infinity. Practically, one can
select a specific fraction of some steady-state quantity and
consider steady state to have been reached when that fraction
is achieved.

Figure 8 gives three possible definitions. In one case,
steady state is reached when the centerline axial velocity
achieves 70% of its steady-state value. In the second case,
99.9% of the steady-state centerline velocity is selected and,
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in the third, 99.9% of the injection momentum. Other
definitions could be adopted and more curves would appear
in Fig. 8. Whatever the definition, the corresponding curve
uniquely relates the dimensionless steady time ¢/(D?/») to the
dimensionless axial distance x/(DRe). So that, given D, », U,
and x, the time to reach steady state can be evaluated. Con-
versely, jets that have the same values of D?/y and DRe
would reach steady state at the same distance at the same
time. The same exercise could have been done for pipe flows
using Fig. 10. But the important point is that DRe and D?/»
are, respectively, the axial length scale and the time scale for
these two families of flows.
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